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Introduction

m u: Endothelial cells (living organism)

m v: TAF (chemical agent)

up = \Ay/ -V - (a(v)uVv) + f(u,v) in Qx(0,T),
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A simple PDE model for angiogenesis

A.R.A Anderson and M.A.J. Chaplain, Bull. Math. Biol.
(1998)
m W Endothelial Cells.
m v: TAF.
m f: Fibronectin.
uy= Au, —V-(a(v)uVv)—=V-(puVf) in Qx(0,T),
Dif fusion

Chemotazis Haptotaxis
v= —puwv in Qx(0,7),
——
Consumption

ft=Pu—~uf in Qx (0,7),

+Neumann Boundary Conditions
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A simple PDE model for angiogenesis

m u: Endothelial Cells.
m v: TAF.

u= Ay —V- <EV1)) in Qx(0,T),
Dif fusion \—g_/

Chemotazis
ve= —puv in Qx(0,7T),
N——
Consumption

+Neumann Boundary Conditions
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A simple PDE model for angiogenesis

Theorem (with M. Winkler)

Let (ug,vg) € C(2) x WIP(Q) with p > n then for n < 3 there
exists a global weak solution.

Theorem (with M. Winkler)

Let (u,v) a global weak solution then

,dm |u(t) =l L) =0,

tl>1+moo [v()]|Loo (@) = O,

7o L
where U = 0] Jq u-
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A complex PDE model for angiogenesis

v: TAF z: Anti-TAF
v + z — ¢ binding of v and z

¢ — v + z unbinding of v and z
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A complex PDE model for angiogenesis

Blood Vessels
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A complex PDE model for angiogenesis

Equation and boundary conditions for EC

m u: Endothelial Cells, v:TAF
m ¢: TAF-Anti complex, z: Anti-TAF

uy = diAu — V- (a(v)uVv) + AB(w)u —u? in Q x (0,T),

Dif fusion Chemotazis Reaction

ou

— = mu on I'9x(0,7),
on ~—

ECsenter

ou

— = —mu on 't x(0,7),
on SN——

ECsout
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A complex PDE model for angiogenesis

TAF

m u: Endothelial Cells, v:TAF
m ¢: TAF-Anti complex, z: Anti-TAF

ve= doAv —v + ke —kpvz  in Qx(0,T),
~—— =~ N ——
Dif fusion Decay  Dissociation Association,
0
2 = —mv  on I's x (0,7T),
on ~——
TAF out

o

— =7J(ozygen) on T'1 x (0,7T),

on N—

TAF enter

v is a positive decreasing function.
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A complex PDE model for angiogenesis

TAF

m u: Endothelial Cells, v:TAF
m ¢: TAF-Anti complex, z: Anti-TAF

vy = dolAv —v + kyc —kpvz  in Qx(0,T),
e~ = ~— ——
Dif fusion Decay  Dissociation Association
0
L —7mv  on I's x (0,7T),
on ——
TAF out
ov  _ ~
o, — Jlozygen) = ¥(s(u)) on 'y x (0,T),

TAF enter

v is a positive decreasing function. ozygen = s(u) with s a
positive increasing function. Therefore 7 - s = =y is decreasing.
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A complex PDE model for angiogenesis

TAF-Anti complex

m u: Endothelial Cells, v:TAF
m ¢: TAF-Anti complex, z: Anti-TAF

= d3A — —k k in ) T
ct 3Ac c e+ kpz in Qx(0,7),

~—~—
Dif fusion Decay Dissociation  Association
dc
== —pac on 'y x (0,7,
on SN——
TAF—Antiout
oc
— = =g on Ty x (0,T),
on ~—~—

T AF— Anti out
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A complex PDE model for angiogenesis

Anti-TAF

m u: Endothelial Cells, v:TAF
m c: TAF-Anti complex, z: Anti-TAF

= diAz —z + ke —kpvz + Iy in Qx(0,7),
f
—— =~ ~— N , ~—
Dif fusion Decay  Dissociation Association  Input
0
&5 = —0sz on T'9 x (0,7),
on S~~~
Anti—T AF out

0
2 —012 on T'y x (0,7T),
on S~~—

Anti—TAF out
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A complex PDE model for angiogenesis

up = diAu — V- (a(v)uVo) + AB(w)u —u? in Q x (0,T),

Dif fusion Chemotaxis Reaction
nw= doAv —v + kyc —kpvz  in Qx(0,T),
N—— N~~~ ~—~ \ ;

Dif fusion Decay  Dissociation Association

¢t = d3Ac —c —ke + kpuz  in Qx(0,T),

Dif fusion Decay Dissociation  Association
2= d4sAz  —2z + ke —kpvz + Iy in Qx (0,7),
—_—— ~— NI ~—

Dif fusion Decay  Dissociation Association  Input
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A complex PDE model for angiogenesis

up = diAu — V- (a(v)uVv) + AB(w)u —u? in Q x (0,T),

Dif fusion Chemotaxis Reaction
nw= doAv —v + Kk —kpvz  in Qx(0,T),
N—— N~~~ ~—~ \ ;
Dif fusion Decay

Dissociation Association

¢t = d3Ac —c —ke + kpoz  in Qx(0,T),
M~ N = ~—
Dif fusion Decay Dissociation  Association
2= diAz —z + ke —kpvz + Iy in Qx(0,7),
f
—_—— ~— N ) ~—

Dif fusion Decay  Dissociation Association Input
v
— = 7(u) on T'i x(0,7),
on N——
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A complex PDE model for angiogenesis

up = diAu — V- (a(v)uVo) +ABw)u —u? in Q x (0,T),
Dif fusi

Chemotaxis Reaction

ve= doAv —v + ke —kpvz  in Qx(0,T),
M~ =~ ~ ~——"
Dif fusion Decay  Dissociation Association,
c= d3Ac —c  —kec + kpz in Qx(0,7),
—— = ~—~ ~—~—"

Dif fusion Decay Dissociation  Association

2= didz —z + Iy in Qx(0,7),
N—— = ~—
Dif fusion Decay  Input

ov

= y(u) on Ty x (0,7),
TAF enter
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A complex PDE model for angiogenesis

Long time behavior and interpretation

From the biological point of view we should know the
conditions to assure that

t—+o00

because then we can avoid angiogenesis.
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A complex PDE model for angiogenesis

Long time behavior

Theorem ( with M. Delgado, I. Gayte and A. Sudrez)

For \ < 0 sufficiently large we have that

lim_[[u(t)loqq) = 0

t——+o0
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A complex PDE model for angiogenesis

Stationary solutions with u = 0

0= doAv —v + kpc —krvz  in ),
~_—— ~— —_——
Dif fusion Decay  Dissociation Association
ov
— = ~(0) on Iy,
on N~

TAF enter
0= d3Ac —c —kpc  +  kpuz  in €,
~—— =~ —— N ,

Dif fusion Decay Dissociation  Association
0= dyAz —z + Iy in Q,
N—— = ~—

Dif fusion Decay  Input
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A complex PDE model for angiogenesis

Stationary solutions with u = 0

For each non-trivial Iy > 0 there is a unique positive solution
Z(Io) to

—d4Az +z = Iy in Q,

N =~ N~~~

Dif fusion Decay  Input

0z
— = —09z on T'o,
on SN~

Anti—TAF out
0z
— = —01z on I'i.
on S~

Anti—T AF out
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A complex PDE model for angiogenesis

Stationary solutions with u = 0

0= doAv —v + ke  —kpvz(lp) in Q,
—— = N~~~ N v
Dif fusion Decay  Dissociation Association
v
— 0 on I'y,
on \7\(/) !

TAF enter
0= d3Ac —c —kic + kpvz(lp) in Q,
~— =~ —~— ~—

Dif fusion Decay Dissociation  Association
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A complex PDE model for angiogenesis

Stationary solutions with u = 0

The previous linear system has a unique positive solution

VO(Iy) = (v°(1y), °(Ip)) for each Iy > 0. Moreover, none of the

components is trivial. Therefore in order to assure whether
Jim[fu(To)(®) ooy = 0

or not (for initial data close to (0,V%(Iy))) we should know the
local stability of (0, V(1)).
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A complex PDE model for angiogenesis

Stationary solutions with u = 0

Let A1 (v°(Ip)) the principal eigenvalue of

~d1Ap = =V - (a(v’ (1)) Vo' (lo)p) + AB(v’(lo)) in Q,

dyp

o T2¥ on Iy,
n

0

ai) =—mp on It
n

Theorem (with M. Delgado, I. Gayte and A. Sudrez)

If X < M (v°(1p)) (resp. A > A1 (v0(Qp))) then the semi-trivial
solution is locally stable (resp. unstable)
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A complex PDE model for angiogenesis

Coexistence state

By bifurcation we can show that

Theorem (with M. Delgado, I. Gayte and A. Sudrez)

For A > M\ (v°(Ip)) there erists at least a coexistence state.
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A complex PDE model for angiogenesis

Behavior of A\;(vY(Iy)) when I large

For a given \ can I pick Iy sufficiently to assure that (0,V°(I))
is locally stable 7 (if this is true then we can avoid
angiogenesis).
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A complex PDE model for angiogenesis

Behavior of A\;(vY(Iy)) when I large

For a given \ can I pick Iy sufficiently to assure that (0, V9(ly))
is locally stable ? (if this is true then we can avoid
angiogenesis). In other words can we prove that

lim A (v°(Zp)) = +oo

Ip—+o0
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A complex PDE model for angiogenesis

Let A* be the principal eigenvalue of
—d1Ap = Ap in €,

0
. — Y29 =0 on T,
on

B (1 +a(01(0)p =0 on .
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A complex PDE model for angiogenesis

Let A* be the principal eigenvalue of

—di1Ap = Ay in (,

Theorem (with M. Delgado, I. Gayte and A. Suédrez)

If \* > 0 then limy, 100 A1 (v°(Ip)) = +00. However if \* <0
then limp, s o0 A1(v° (1)) = —o0.
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