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Standard SIR Model

S = uN—pIS—vS — kwS
[ = BIS—vI—arl

R = arl +kwS — vR

Assumptions:
* constant population N=5+1+ R = const

* no “deaths” from disease / deaths from disease are “removed”



Standard SIR Model

S = uN—pIS—vS — kwS
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atl + kwS — VR

Assumptions:
* constant population N=5+1+ R = const

* no “deaths” from disease / deaths from disease are “removed”

If there are significant deaths from the disease, this should be
accounted for and population is really time varying



An SEIR Model with Time-Varying Populations

Sun and Hsieh,

— S — } — ] — R §§1p(;Math Mod,

5() = AN() -~ By S(E) ~ S0 — RS
I(#)

E(t) ﬁms(t)—@ v) E(t)

I(t) = O0E@{)— @+ v)I(t) — arl(t)

R(t) = atlI(t)+ rwS(t) — vR(t)

N=S+E+I+R

——> N = _V N @[ no equilibria



Model for Proportions
N=S+E+I+R

“occupancy measure”

| _ R
z = (n=PB)rz—(v+rw)z+7y
gy = Br+upy)z—(v+9)y
2 = pz+éy—(y+ptor):z
W = [wz—Yw -+ kwr +atz

Sun and Hsieh,
Appl Math Mod, 2010



* disease free ratio at

Y KW
20, Wo) = , 0,0,
(ZCO7yO7 0 O) (7—|—/<;w ’}/4—/{)&))




* disease free ratio at

Y KW
Lo, Yo, 20, Wp) = , 0,0,
( 0, Yo, 20 o) (7_“%} W—F/iw)

* basic reproduction number

> 0 _ B
RO Y+rw  Y+o  yHutar

identical with formula for SEIR model with constant population



* disease free ratio at

W
(:CanOaZOawO) — ( J 70707 )

Y+ KW Y+ KW

* basic reproduction number

> 0 _ B
RO Y+rw  Y+o  yHutar

identical with formula for SEIR model with constant population

? *if Ry < 1 thenthe DFR is globally asymptotically stable

«if Ry > 1 there exists a unique, globally stable endemic
equilibrium point



* disease free ratio at
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(:CanOaZOawO) — ( J 70707 )

Y+ KW Y+ KW

* basic reproduction number

| ], 0 . __ B
RO Y+rw|] Yv+o vyHutar

identical with formula for SEIR model with constant population

? *if Ry < 1 thenthe DFR is globally asymptotically stable

«if Ry > 1 there exists a unique, globally stable endemic
equilibrium point

partial results in Sun and Hsieh, Appl Math Mod, 2010



Parameters related to the recent Ebola outbreak in Westafrica
(R. Agarwal, M. Balchan and M. Lambros)
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Evolution of proportions from
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An SEIQR Model with Quarantine

50 = AN = B SO — S0 koS(o)
. I(#)

BO) = Sy g S~ 6+ B

(1) = SE(1)~ @ v) 1) — 1)

QA1) = 210~ @ v) Q) — arQ(

R(t) = atQ(t)+ rkwS(t) — vR(1)

N=S+E+I+Q+R
—=> N=(y—v)N-@ + Q)



N—S+E+I+0O+R Model for Proportions

, Tz
t = —fr——+t7- (v trw)ztp(zto)z
, Tz
gy = Br———(r+o)y+ulz+o)y
2 = 0y—(y+pu+p z+uz+o)z
v = pz—(y+put+ar)v+ulz+v)v
W = kwr+ atv —yw + w2z + v)w

disease free ratio at (g, yo, 20, Vo, Wp) = 7 ,0,0,0, e
Y+ KW Y T+ KW

basic reproduction number RO — _|:Y . % . +ﬁ+
YTTRW 7Y YT




Evolution of the dynamics from

(SOa E07 107 QOa RO) — (9997 07 17 07 O)

10000 w w w w w w w w ] -

8000 - total # of deaths .

Number of people

| [ , T . |
0 100 200 300 400 500 600 700 800 900 1000

Time (weeks)

without vaccination and treatment and quarantine rate p = 0.17



Evolution of the dynamics from

(SOa E07 107 QOa RO) — (9997 07 17 07 O)
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Spatial Effects

* in the model above, individuals are quarantined as they
are recognized to have the disease

* individuals who were in contact and possibly exposed
are not

* try to include contact/spatial aspects

Let 2 C IR” model different “locations” and set P = N — Q)

)
)

([ eta =Y du(v)) S(t.1)

S(t,z) = yN(t,z)— (/m— du(y ))5(75,;5)

+£Q,(t, x) — vS(t,x) — kKS(t, x)



SIR Model with Constant Population

Let ) C R” model different “locations”/compartments
S(t,2) = A) - ([ Bl It )du(y)) S(t,)
+nR(t,z) — vS(t, z)

I(t,z) = (/ﬁa:— I(t,y)du(y )S(t,a:)—(7+u)8(t,a:)

R(t, )

TI(t,x) — (n+v)R(t, x)

——> N(t,z) = Alz) —vN(¢t, z)



SIR model

Let ) C R” model different “locations”/compartments

N(tz) = A(z) 4ot (N(O,:zj) 3 A(:z:)) | A(z)

vV V V

total population:

/Nt:z:d,u /A Ydu(x
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SIR Model with Constant Population

Let () C R” model different “locations”/compartments

S(t, r) = Alx)— (BxI)(t,x)S(t,z) +nR(t,x) —vS(t, x)
It,z) = (B*xI)(t,x)S(t,x) — (7 +v)S(t, )

R(t,x) = 7I(t,z) — (n+v)R(t, x)

Aggregated populations: g(t) — /QS(t,:C)d,u(a:)

1) = [ 1(t,2)dp(x)  R(t) = [ R(t,2)dp(a)
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to be continued ...



Conclusion

* epidemiological models with time varying populations and
significant disease induced death rates are not just
a straightforward mathematical extensions of the
typical SIR-type models

there already exists some substantial work (e.g.,
Sun and Hsieh), but has gaps

* quarantine probably is the most effective means to control
a highly infectious disease

——> models should include these aspects
—— > attempt to model spatial aspects of spread
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