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Glioblastoma multiforme

Pictures from radiopedia.org
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Diffusion tensor imaging

Variant of diffusion-weighted

magnetic resonance imaging,

DW-MRI.

Measures the spatial

diffusion of water molecules

by MRI per volume element

(voxel) .

MRI-device (Philips Chieva 3.0 T)
http://upload.wikimedia.org/

Consider a single voxel:

This leads to a diffusion tensor

D(x) =

(
dxx(x) dxy (x) dxz(x)
dyx(x) dyy (x) dyz(x)
dzx(x) dzy (x) dzz(x)

)
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Representation of anisotropic diffusion tensor data

Ellipsoids

Peanut

Fractional anisotropy
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Data

Visualization of the main direction of diffusion by a vector pointing in

the direction of the tensor’s leading eigenvalue
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Modeling scales

Goal: multiscale descriptions
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Biochemical basis of the microscopic model

Cells interact with the neighbouring tissue in order to
move forward (contact guidance)

Zelle

Receptor binding to unsoluble components Q

Q + (R0 − y)
k+



k−

RQ
Notation: y := RQ.
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Individual variables (N cells)

Position x(j) ∈ Rn

Velocity v(j) ∈ V = sSn−1

Receptor state y(j) ∈ Y (j = 1, ...,N).

Newton’s law (in the absence of reorientations)

dx(j)

dt
= v(j) ,

dv(j)

dt
= 0

ODE for receptor dynamics

dy(j)

dt
= G (y(j),Q(t, x(j)))
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Mesoscale involving the microscale

Goal: derive a kinetic equation for the cell density
p(t, x, v, y).

In the absence of reorientations:

∂p

∂t
+ v · ∇xp︸ ︷︷ ︸

Transport with velocity v

+ ∇y · (G(y,Q)p)︸ ︷︷ ︸
From receptor dynamics

= 0

Changes in orientation (and speed) have to be
incorporated in the right-hand side.
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Micro-meso model: kinetic transport equations

∂tp+∇x·(vp)+∂y (G (y)p) = −λ(y)p+λ(y)

∫
V
K (x, v, v′)p(v′)dv′.

with p(t, x, v, y) cell density at time t, position x ∈ IRn, with
velocity v ∈ V ⊂ IRn, and internal state y ∈ Y ⊆ [0,R0].

Subcellular dynamics: d
dt y(t) = G (y(t),Q(t, x)).

Q(t, x): volume fraction of tissue fibres.

ẏ= k+(R0 − y)Q − k−y .
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Proliferation: Go-or-grow

• Moving cancer cells:

∂tp+∇x · (vp) +∂y (G (y ,Q)p) = L[λ]p−a(x)p+
bq

ω
r − `(N)p

• Non-moving (proliferating) cancer cells:

∂tr = a(x)

∫
V
pdv − br + g(N)r − `(N)r .

L[λ]p := −λ(y)p + λ(y)q(x,v̂)
ω

∫
V p(v′)dv′ (turning operator)

• Subcellular (receptor) dynamics:

d

dt
y(t) = G (y(t),Q),

• Total cell density (macroscopic):

N(t, x) =

∫
V

∫
Y
p(t, x, v, y)dy dv +

∫
Y
r(t, x, y)dy
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Receptor dynamics in a static field

Steady state: y∗ = k+QR0
k+Q+k− .

Introduce a new internal variable z := y∗ − y measuring
deviations from the steady state.

Consider the path of a single cell starting in x0 and moving
with velocity v through a time-invariant density field Q(x).

Turning rate: λ(z) = λ0 − λ1z ≥ 0, with adequate λ0, λ1 > 0.

Write the transport equations w.r.t. z and consider the
moments w.r.t. z and v. Wanted:

M(t, x) :=

∫∫
V×Z

p(t, x, v, z)dzdv

w(t, x, v) :=

∫
Z
r(t, x, v, z)dz

to recover the macroscopic cell density N(t, x).
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Parabolic scaling

Assume the internal dynamics equilibrates rapidly, s.t. the
system is close to steady-state.

Scaling: t̂ = ε2t, x̂ = εx.
Assumption: the time scale on which birth and death events
occur is much slower than the (biased) random walk process.

g(N)→ ε2ĝ(N̂)

`(N)→ ε2 ˆ̀(N̂).

Then

∂tN0 −∇ ·
(

1

λ0 + a(x)
∇ ·
(

b

a(x) + b
DT (x)N0

))
+∇ · ( λ1

λ0 + a(x)
γ(x)f ′(Q)

b

a(x) + b
DT (x) · ∇Q N0)

=
a(x)

a(x) + b
g(N0)N0 − N0`(N0),

with the tumor diffusion tensor DT (x) = 1
ω

∫
V vvtq(v̂) dv.
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Effective equations on the macroscale

With the logistic growth choice g(N0) = cg , `(N0) = c`N0,
where N0 = a+b

b M0, we get

∂tN0 − cD(x)∇∇ (DT (x)N0)−λ1cD(x)∇ (u(x)N0)

=
a

a + b
cgN0 − c`N

2
0 ,

with cD(x) = b
(λ0+a(x))(a(x)+b) and the drift velocity

u(x) = γ(x)f ′(Q(x))DT (x)∇Q,

where γ(x) = (k+Q + k− + λ0 + a)−1 and

f (Q(x)) = k+Q(x)R0

k+Q(x)+k− .
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Determine explicit forms of the coefficients

Choices of Q(x):

Fractional anisotropy (FA), from data.

Problem: assumes Q to be high where tissue is strongly
aligned ; also true in regions of isotropic (non-aligned)
and densely packed tissue??

Estimated Q via free path length from diffusivity
measured by DTI:
Characteristic (diffusion) length:

lc =
√
Dtc ,

with D a diffusion-related coefficient and tc the
characteristic (diffusion) time.

Choice of D: tr(DW ).
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Determine explicit forms of the coefficients

Choice of characteristic time tc : expected exit time of
Brownian motion from a ball with minimal radius surrounding
the voxel of length h, hence tc = h2

4 .

This estimate is valid for N (0, t − s)-distributed increments,
and ours are N (0, σ · (t − s))-distributed, where σ is some
estimation of the diffusion speed. We choose σ = l1, where l1 is
the largest eigenvalue of DW .

Volume fraction of tissue fibers: lc =
√

h2tr(DW )
4l1

.

The free volume fraction of one voxel is l3c /h
3. So the occupied

volume is Q = 1− l3c
h3 .
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Determine explicit forms of the coefficients

Choices of q(x, θ):

Peanut: q(x, θ) = n
|Sn−1|trDW (x)

θtDW (x)θ.

orientation distribution function (ODF):

q(x, θ) = ODF (θ) :=
∞∫
0

Π(rθ)r2 dr , with Π(rθ):

displacement probability of a spatial point in spherical
coordinates. It can be shown (Aganj et al 2010) that

q(x, θ) =
1

4π|DW (x)| (θtDW (x)−1θ)
3
2

The tumor diffusion tensor can be explicitly computed for each
of these choices.
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Simulations (with FA and peanut)

t = 0 t = 100 · 104s t = 200 · 104s t = 300 · 104s

t = 400 · 104s t = 500 · 104s t = 600 · 104s t = 700 · 104s
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Alternative modeling of proliferation: interactions
with tissue

P(p) = µ (x,M, v)︸ ︷︷ ︸
growth rate

∫
Z

χ(x, z , z ′)p(t, x, v, z ′)Q(x) dz ′,

with M(t, x) =
∫
V

∫
Z

p(t, x, v, z) dz dv.

The kernel χ characterizes the transition from the state z ′ to
the state z during a proliferative action.

Then our kinetic transport equation becomes

∂tp +∇x · (vp)− ∂z(((k+Q + k−)z − f ′(Q)v · ∇Q)p)

= L[λ0]p − L[λ1]zp + P(p).

Remark: KTAP by Bellomo assumes cell-cell interactions

Pi [p](t, z) =
n∑

h=1

n∑
k=1

µhk

∫∫
Z×Z

χi
hk(z ′, z ′′; z)ph(t, z ′)pk(t, z ′′)dz ′dz ′′
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Effective equations on macroscale

Assume µ does not depend on v. Then by doing again a
parabolic scaling we get

∂tM0−∇∇ : (DTM0)+∇·(g(Q(x))DT∇QM0) = Q(x)µ(x,M0)M0,

with the drift velocity

u(x) =
1

λ0ω

∫
V
v ⊗ v∇q dv

and the tumor diffusion tensor DT (x) = 1
λ0ω

∫
V

qv ⊗ v dv.
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Simulation results (with peanut)

day 0, FA day 200, FA day 400, FA day 600, FA

day 0, Q day 200, Q day 400, Q day 600, Q
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Simulation results in 3D
(with estmated Q and peanut)

day 200 day 400 day 600
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Comparison with a pure macroscopic model

∂tM0 −∇ · (DT (x)∇M0) = Q(x)µ(M0)M0.

day 200, Q day 400, Q day 600, Q
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Micro-meso model via go-or-grow

∂tp +∇x · (vp) + ∂y (G (y ,Q, dc , dr )p)

= L[λ(y)]p − a(x, dc)p + b(x, dc)
q(v̂)

ω
r − L1(N, α1, dr )p

∂tr = a(x, dc)

∫
V
p(v)dv−b(x, dc)r+g(N, dc)r−L2(N, α2, dr )r

with Ll(N, αl , dr ) := `l(N) + Rl(αl , dr ) (l = 1, 2).

ẏ = G (y ,Q, dc , dr ) = k+(dc)(R0 − y)Q S(α3, dr )− k−(dc)y .

Rj(αj , dr )=
ν∑

i=1

(1− S(αj , dr ))ηδ(t − ti ), ti ∈ radiotherapy,

supp ηδ ⊂ (−δ, δ), δ << 1, j = 1, 2, 3.
Survival fractions (LQ model):

S(αj , dr ) = exp(−ν(αj d̂r + βj d̂
2
r )) = exp(−αjdr (1 + d̂r/(αj/βj)))
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p(v)dv−b(x, dc)r+g(N, dc)r−L2(N, α2, dr )r

with Ll(N, αl , dr ) := `l(N) + Rl(αl , dr ) (l = 1, 2).

ẏ = G (y ,Q, dc , dr ) = k+(dc)(R0 − y)Q S(α3, dr )− k−(dc)y .

Rj(αj , dr )=
ν∑

i=1

(1− S(αj , dr ))ηδ(t − ti ), ti ∈ radiotherapy,

supp ηδ ⊂ (−δ, δ), δ << 1, j = 1, 2, 3.
Survival fractions (LQ model):

S(αj , dr ) = exp(−ν(αj d̂r + βj d̂
2
r )) = exp(−αjdr (1 + d̂r/(αj/βj)))
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Effective equation on macroscale

Remember N(t, x) =
∫
V

∫
Y p(t, x, v, y)dy dv +

∫
Y r(t, x, y)dy .

∂tN0 −∇ ·
(

1

λ0 + a
∇ ·
(

b

a + b
DT (x)N0

))
+∇ ·

(
λ1f
′(Q)

γ(x)

b

(λ0 + a )(b + a )
DT (x)∇QN0

)
=

(
(g(N0)− L2(N0))

a

a + b
− L1(N0)

b

a + b

)
N0,

where γ(x) := k+QS + k− + λ0 + a.



Multiscale
models for

glioma
invasion:

proliferation
and therapy

aspects

Christina
Surulescu

Motivation

A micro-meso
setting with
proliferation
via go-or-grow

Proliferation
via cell-tissue
interactions

Therapy

Effective equation on macroscale

Remember N(t, x) =
∫
V

∫
Y p(t, x, v, y)dy dv +

∫
Y r(t, x, y)dy .

∂tN0 −∇ ·
(

1

λ0 + a
∇ ·
(

b

a + b
DT (x)N0

))
+∇ ·

(
λ1f
′(Q)

γ(x)

b

(λ0 + a )(b + a )
DT (x)∇QN0

)
=

(
(g(N0)− L2(N0))

a

a + b
− L1(N0)

b

a + b

)
N0,

where γ(x) := k+QS + k− + λ0 + a.



Multiscale
models for

glioma
invasion:

proliferation
and therapy

aspects

Christina
Surulescu

Motivation

A micro-meso
setting with
proliferation
via go-or-grow

Proliferation
via cell-tissue
interactions

Therapy

Effective equation on macroscale

Remember N(t, x) =
∫
V

∫
Y p(t, x, v, y)dy dv +

∫
Y r(t, x, y)dy .

∂tN0 −∇ ·
(

1

λ0 + a
∇ ·
(

b

a + b
DT (x)N0

))
+∇ ·

(
λ1f
′(Q)

γ(x)

b

(λ0 + a )(b + a )
DT (x)∇QN0

)
=

(
(g(N0)− L2(N0))

a

a + b
− L1(N0)

b

a + b

)
N0,

where γ(x) := k+QS + k− + λ0 + a.



Multiscale
models for

glioma
invasion:

proliferation
and therapy

aspects

Christina
Surulescu

Motivation

A micro-meso
setting with
proliferation
via go-or-grow

Proliferation
via cell-tissue
interactions

Therapy

Therapy strategies

Strategy 1: resection (2 weeks after start), no further
therapy.

Strategy 2: resection (2 weeks after start), followed after 3
weeks by radiotherapy (weekends excluded) for 6 weeks.

Strategy 3: resection (2 weeks after start), followed after 3
weeks by concurrent chemotherapy and radiotherapy
(weekends excluded) for 6 weeks.



Multiscale
models for

glioma
invasion:

proliferation
and therapy

aspects

Christina
Surulescu

Motivation

A micro-meso
setting with
proliferation
via go-or-grow

Proliferation
via cell-tissue
interactions

Therapy

Results

start before resection after resection
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Results

end of therapy

end of therapy, scaled
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Results

follow-up after two months

follow-up, scaled
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Conclusions and outlook

Multiscale models:

allow testing the influence of many factors;

are more difficult to handle numerically and analytically:

high dimensionality;
different scales both w.r.t. space and time;
highly nonlinear coupling;

Alternative (phenomenological) approach: Micro-macro
models: Kim et al. (PLoS One 2011), Meral & S. (JMAA 2013);

Meral, Stinner & S. (DCDS B 2015); Stinner, S. & Meral (IMA Appl.Math.

2014); Stinner, S. & Winkler (SIMA 2014);

Hiremath & S. (NARWA 2015, submitted 2015).

Outlook: tissue degradation, therapy Meral, Stinner & S. (JCS

Multiscale Dyn. 2015) .
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Upcoming workshop:
https://www.newton.ac.uk/event/cgpw04
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