Controllability and Sensitivity of Models of Combined
Anticancer Therap
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Combined therapy:

Chemotherapy (direct) + antiangiogenic therapy
(indirect)

Problems : drug resistance, side effects, slowly
growing tumors, necessity of intra-tumor delivery

Advantages: general efficiency, especially for fast
growing tumors

Problems : difficulty in observation of effects, fast
growing tumors, problems with wound healing,
diabetes, menstruation

Advantages: resistant to resistance, efficient for

slowly growing tumors, effect of ,,prunning”




Antiangiogenic resistance

Adaptive (evasive) resistance

G. Bergers and D. Hanahan, “Modes of
resistance to antiangiogenic therapy,” Nature
Reviews Cancer, vol. 8, no. 8, pp. 592—603,
2008.
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Chaotic behavior of
the vascular
network created In
the process of
tumor angiogenesis

Konerding et al. In Molls and Vaupel,. Blood Perfusion and
Microenvironment of Human Tumors, 2002



Combined therapy: effect of prunning
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Fig 1. Proposed role of vessel normalization in the response of tumors to antiangiogenic therapy.

R. K. Jain, “Normalization of tumor vasculature and microenvironment in antiangiogenic therapies,” ASCO

AnnualMeeting, pp. 412417, 2007.




Combined therapy (efficiency)

ClinicalTrials.gov

Antiangiogenic drugs

Cytostatic drugs

Progression-free

survival
Axitinib Gemcitabine (1%)196,[3?680)
NCT00219557 113 days
- Gemcitabine y
(68 to 205)
Aflibercept Docetaxel (3' g I:(;OQ t5h5s)
NCT00532155 : '
) Docetaxel 7 monthe
5210 4.
(3.52t0 4.34)
Bevacizumab Carboplatin, Paclitaxel ( f .261ntqc()) rétg%)
NCT00434252 2 mont
] Carboplatin, Paclitaxel -2 months
piatin, (2.83 t0 5.36)
Vandetanib 4.5 months
4 cycles with continuation of | Docetaxel, Carboplatin (3' 310 5.8)
treatment -
NCT00687297 vandetanib 4.2 months
4 cycles, without continuation | Docetaxel, Carboplatin (2' 8 0 4.9)
of treatment ' '
Erlotinib, Bevacizumab - (23 '749T§ Tgsn
NCT00130728 : ;
1.7 months

Bevacizumab

(1.48 to 2.53)




Therapy — where to attack?
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The problem of controllability:

Roughly speaking controllability of a dynamical
control system means that it Is possible to
drive this system from an arbitrary initial state
to an arbitrary final state In finite time using the
set of admissible controls. For linear time-
iInvariant systems the notions of controllability
In a given time Interval, controllability at a
given Initial time, controllability and uniform
controllability are equivalent. Controllability Is
strongly related to the notion of attainable set.



Linear time-invariant systems of order n.

x'(t) = Ax(¢) + Bu(?)

Necessary and sufficient condition of controllability
for linear time-invariant system is the so called
Kalman rank condition (Kalman, 1960):

rank| B,AB,A?B,...,A™1B ]=n



Linear time-invariant systems with
constrained controls

Suppose that the set of admissible controls 1s a cone U,
with vertex at zero and a nonempty interior in the m
dimensional space. Then the system 1s globally
controllable 1f and only if (Brammer 1972):

1) it 1s controllable without constraints 1.e. the rank
condition 1s satisfied

rank[ B,AB,A%B,...,A™1B ]=n

2) there is no real eigenvector w eR" of the matrix
Al satisfying inequalities:

w'Bu <0, forallueU..



Sensitivity

Two most frequently discussed types of sensitivity:

1) Parametric sensitivity: local - reaction of the
system for infinitesimal changes of parameters, and
global - reaction of the system to finite changes of
parameters

2) Structural sensitivity: dependence of system
characteristics on the form of model within assumed
family of models (considered in this talk)



Family of models

Gompertzian model of tumor growth:

N/N=-4InN/N_=~1/PDT
N =K

o0

K — effective vascular support (carrying capacity)

Incorporation of angiogenesis In the
model (Hahnfeldt)



Similarly for logistic growth (Pearl-Verhulst
equation)

K — effective vascular support (carrying capacity)



Hypotheses (Hahnfeldt et al.)

1/PDT, = MF + SF + IF

IF/SF =K°N°

c~2/3

b=lc=-1/3

d’Onofrio-Gandolfi (2004) b=0,c=2/3

h=2/3,c=0



A. (original Hahnfeldt model)

N/N=-8InN/K
K/IK=MN/K—-(N?"+ 1)

B. (Hahnfeldt model with logistic growth)
N/N = S(1—N/K)
K/IK=MN/K—-(N?"+ 1)



C. (D’Onofrio-Gandolfi model with Gompertz-type

arowth)
N/N=-8InN/K
K/K =y—(AN*" + 1)
D. (D’Onofrio-Gandolfi model with logistic

growth)
N/N = S(1-N/K)

K/K=y—-(N?"?+ 1)




Ergun’s model

N/N = B(1—N/K) N/N=-8InN/K

Some other modifications:

Agur et al., 2004

Forys et al., 2005

D’Onofrio — Gandolfi, 2009 (delays
resulting from mitotic division)



Simulation for the model
without therapy
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Stability conditions (e.g.A)

N/N =K/K=0=N" =K"= (( - )/ 2)""*
y > U

Xx=INN/N",y=InK/K",x =y =0,
t=R,9=( -l pB,xX=dx/dr,y =dy/dr,

X'=y—X, Semilinear system |X' =y —X,
local asymptotic r_
r X—y _ A2/3X ymp y' =(9/3)x— Y
y'=3€"" ") suability (model A)

Stability condition insensitive structurally (global stability may be
proved using direct Lyapunov method).



Combined antiangiogenic and chemo-therapy

K/IK=IN/K-(N*"+ u+nu+&),
N/N=—8InN/K —qv

Constant drug doses: u(t)=U=const, v(t)=V=const

We assume for simplicity u=0 (as in Ergun et al. model)

U+& =" =K -50,N -0



Periodic therapy (d’Onofrio et al.2004)

(for B,C,D: NSC, for A only NC)
U =1/TTju(t)dt, f(t)=u(t)-U, F(t) =77j f(r)dr

Vv :1/T]v(t)dt, g(t) =v(t)-V,G(t) = gjg(f)df

Structurally 77U . é\/ > 7/e—goV :

sensitive



Optimization (for C)
N/N =-8InN/K —ov(t)

K/K =y—(AN?"3 4+ g+nu(t) + &(t)),

TCP =exp(—fEN(T, )) > max
Tk

min < 3 =N [u@dt< = [vodi<o

0
O<u<U_,0<v<V,



Modified optimization problem
X'=y—X—gV,

o=-nBl(y—
y' =9(L—e*)+ou+ v AR

| = gx(T;)+hy(T;)+ rju(r)dr+s_fv(r)dr

O<u,vZ1T, =17,

H = ru+oqu +gqVv +sv—gpv + p(y — X) + 3L —e*'**)

p'=p+2/399%*"**, p(T;) =9
q’:_p,Q(Tf):h



Switching conditions

p=sl/e+ql/e
q=-r/o 1
1 v={ < minH
u={o<:minH 0

q”—q'+2/3q1992/3x :O, p :_qr
q(T¢)=h,q'(T) =—g =—p(T;)

Similarly for B and D but for A there exist optimal singular arcs
(Ledzewicz, Schaettler) - structural sensitivity .



Semilinear systems and linear associated
systems

x'() = Ax(1) + F(x(?)) + Bu(?)

2(0) = Cz(0) + Du()

With delays

x'() = Ax(t) + F(x(2)) + Bu(?) +Gu(t-h)

z(¢) = Cz() + D [w(®) u(t-n)J’ D=5 G]



Sufficient condition of local constrained
controllability for semilinear dynamical
system with many inputs (Klamka):

If the associated linear dynamical system is
1. controllable without any constraints i.e.
(satisfies Kalman rank condition):

rank[D,CD,C?D,...,C™1D] =n
and

2. there Is no real eigenvector weR" of the
matrix CU satisfying inequalities:

w'Du <0, forallueU..

then the semilinear stationary dynamical control
system (17) 1s U_-locally controllable 1n [0, T7.



We have for model A

X' =y-—X—gV,

yr _ g(ex—y —62/3X)—OU —QV

The linear associated system has a form:

=y —X—¢&,

=oK=dy—ou—gv

H

CJO




The rank condition 1s always satisfied

1
P(s) = det(sl —C") = det °

=5’ +s(l+H+22
No complex eigenvalues

Real negative eigenvalues only
W, Du=—(8+s,) tou+(e—(3+s,) *c)v>0
W, Du=—(9+s,) ou+(s—(8+s,) " c)v>0

For some combination of admissible controls

Thus the system 1s locally constrained controllable.



In the case of monotherapy (e.g. only antiangiogenic therapy) the
sufficient condition of local controllability is simplified: If the
associated linear dynamical system is controllable without
any constraints i.e. satisfies the rank condition:
rank[D,CD,C?D,...,C*!D] = n,

and its state matrix has only complex eigenvalues then the
semilinear dynamical system is locally constrained controllable
In time interval [0, T].

Thus 1n this case the system does not satisfy the necessary
conditions of constrained local controllability since the eigenvalues
are real.

Since for logistic type model of tumor growth (model B) the
associated linear system 1s the same thus we have the same
conditions of controllability and the same conclusions could be
formulated.



For models C and D controllability conditions could be
checked in similar way.

For example for model C:

X' =y—X—¢,

y'=9(1—62/3x)—au—gv

The linear associated system has a form:

X' =y—X—¢V,
V' =-28/3x—ou—¢v




P(s) =det(sl —C") =det

- _1 S _
=5°+5+2 9
D > % Complex eigenvalues
2) P < % Real eigenvalues

W, Bu =-s;'ou+(e—s;"EV >0

W, Bu=-s,"ou+(s-5,"&)v>0



Now we can introduce delays in controls due to PK/PD effects and some

conditions imposed on treatment protocols related for example to the prunning
effect.

In the simplest case we have

K/K=WN/K—(N?®+ 1+nu(t) + &v(t —h)),

N/N=-£InN/K—-gv(t—h)

Such model is suitable for example for combination

of angiogenic inhibitor Sunitinib with Cisplatin

Two types of controllability could be defined: relative and absolute
depending on the definition of the state of the system. The relative
controllability is related to the instataneous state and the absolute
one - to the complete state of the system combining the instant-
aneous state and delaved control functions (x(?) and v(s). se/t-h. t)).



We have for modified model A

X =y-X—ev(t-h),
y'= 9" —e"™) - ou(t) - qv(t - h)

The linear associated system has a form:
X =y-X—gv(t-h),
1

y’=§9x—9y—w(t)—s\/(t—h)




Sufficient condition of local constrained
relative controllability for semilinear
dynamical system with many inputs:

If the associated linear dynamical system is
controllable without any constraints i.e.

rank[D,CD,C?D,...,.C™1D] =n
and

there is no real eigenvector w eR" of the matrix
Ct satisfying inequalities:

w'Du <0, forallueU..

then the semilinear stationary dynamical control system (17) 1s U, -
locally controllable in [0, 7] for 7> A.

But it means that the conditions will be the same as before if 7> 4.



Two different angiogenic inhibitors

K/K=MN/K—-(AN??+ u+nu)+&v(t—h)+aou(t—h))

N/N=-£InN/K—-gv(t—h)

Such model is suitable for example for combination

of two angiogenic inhibitors e.g. Bevacizumab and
Angiostatin with Cisplatin.




We have

X =y—-X—gv(t-h),

y'=9(e"" —e"™) —ou(t) - ov(t—h) - pu(t-h,)

The linear associated system has a form:

X =y-X—gv(t-h),
1

Y'=§19X—9Y—0U(t)—gv(t—h)—lu(t—fh)
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